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We consider a microscopic theory for the spin Hall magnetoresistance (SMR). We generally for-
mulate a spin conductance at an interface between a normal metal and a magnetic insulator in terms
of spin susceptibilities. We reveal that SMR is composed of two contributions: the static and the
dynamic parts. The static part, which is almost independent of the temperature, originates from
spin flip caused by an interfacial exchange coupling. On the other hand, the dynamic part, which is
induced by the creation or annihilation of magnons, has an opposite sign from the static part. By
the spin-wave approximation, we predict that the latter results in a nontrivial sign change of the
SMR signal at a finite temperature. We also derive the Onsager relation between a spin conductance
and a thermal spin-current noise.
I. INTRODUCTION
Magnetoresistance is one of the fundamen-
tal phenomena in the research field of spintron-
ics. Giant magnetoresistance1–3 and tunneling
magnetoresistance4–8 are now essential ingredients
in spintronics technology for sensors, memories, and
data storage. Recently, a novel type of magnetore-
sistance called spin Hall magnetoresistance (SMR)
has been observed in a bilayer system composed of
a normal metal (NM) and a ferromagnetic insulator
(FI)9–18. The SMR is explained by a combination of
charge-spin conversions in the NM and a loss of the
spins at the NM/FI interface9,10. When an in-plane
charge current is applied to the NM layer with large
spin-orbit interaction, a spin accumulation is caused
near the NM/FI interface by the spin Hall effect (SHE).
An amount of spin accumulation is affected by the
orientation of the FI magnetization because it changes
a rate of spin loss at the interface. A backward spin
current due to spin diffusion is converted into the charge
current again by the inverse spin Hall effect (ISHE), and
induces longitudinal magnetoresistance dependent on
the orientation of the FI magnetization. The strength of
SMR is of the order of θ2SH, where θSH is the spin Hall
angle.
Recently, the SMR has been reported for the bilayer
system composed of a NM and an antiferromagnetic insu-
lator (AFI)19–25, where the orientation of the Ne´el vector
of the AFI has been changed by a strong external field
or by the orientation of the magnetization of the FI us-
ing the NM/AFI/FI trilayer structure. It is remarkable
that its sign of the SMR is opposite to the one in the
NM/FI bilayer system with respect to the external mag-
netic field. This sign change of SMR can be explained if
the Ne´el vector of the AFI is fixed as perpendicular to
the external magnetic field or to the magnetization of the
FI via an exchange bias26. We note that a similar sign
change of the SMR has been observed in a non-collinear-
ferrimagnet/NM bilayer system27,28.
The SMR can be described theoretically by combining
the spin-diffusion theory with the boundary condition at
the interface in terms of the spin-mixing conductance9,10.
In this theory, however, the spin-mixing conductance
at the interface is a phenomenological parameter to be
determined in experiments, and therefore, its tempera-
ture dependence cannot be predicted. Furthermore, the
magnetization-orientation dependence of the spin-mixing
conductance is assumed phenomenologically by its defi-
nition. This semiclassical description of the SMR seems
to be insufficient for studying quantum features of mag-
netic insulators such as the effect of thermally excited
magnons. Recently, a microscopic theory of the SMR has
been proposed based on a local mean-field approach29,30,
which is justified at high temperatures. However, a gen-
eral microscopic theory applicable to a wide parameter
region is still lacking.
In addition, the thermal noise of the pure spin cur-
rent at the NM/FI interface has been measured using
the ISHE31. Although the Onsager relation between the
thermal noise and the spin-mixing conductance at the
interface has been discussed qualitatively31, it has not
been derived from a microscopic theory so far. Explicit
derivation of the Onsager relation provides an important
basis for a theory of nonequilibrium spin-current noise,
which generally includes important information on spin
transport32–38 as suggested from studies of the electronic
current noise39,40.
In this paper, we construct a microscopic theory
of the SMR based on the method of the tunnel
Hamiltonian41,42. We derive a general formula of a
spin conductance at the interface for both NM/FI and
NM/AFI bilayer systems. By applying the spin-wave ap-
proximation, we discuss the temperature dependence of
the SMR well below the magnetic transition tempera-
ture. We also formulate the spin-current noise in the
2same framework, and derive the Onsager relation, i.e.,
the relation between the thermal spin-current noise and
the spin conductance.
This paper is organized as follows. In Sec. II, we the-
oretically describe the SMR by combining the spin diffu-
sion theory in the NM and the spin conductance at the
interface. In Sec. III, we give the microscopic Hamil-
tonian for the NM/FI (or NM/AFI) bilayer system. In
Sec. IV, we formulate the spin conductance at the inter-
face using the method of the tunnel Hamiltonian. In Sec.
V and Sec. VI, we discuss the temperature dependence
of the spin conductance using the spin-wave approxima-
tion. In Sec. VII, we briefly discuss the relevance of the
present study to the SMR experiments. In Sec.VIII, we
formulate the spin current noise, and derive the Onsager
relation explicitly. Finally, we summarize our results in
Sec. IX. Details of the derivation are given in two appen-
dices.
II. THEORETICAL DESCRIPTION OF SMR
We theoretically describe the SMR by improving the
spin diffusion theory given in Ref. 10. Let us first consider
a bilayer system composed of NM and FI layers. When
we apply an electric field to the NM layer in the +x
direction, a spin current jSHs0 = θSHσEx is driven in the
−y direction by the spin Hall effect, where θSH is a spin
Hall angle, σ is an electric conductivity, and Ex is a x
component of the electric field. This spin current induces
spin accumulation at an interface between the NM and
FI layers as shown in Fig. 1(a) and (b). In the figure,
the direction of the spins accumulated at the interface is
denoted with σ. In a steady state, the spin current jSHs0
is balanced with a backflow spin current
jBs = −(σ/2e)∂yµs(y). (1)
Here, µs(y) is a spin chemical potential defined as
µs(y) = µ↑(y)− µ↓(y). (2)
By a continuity equation taking account of spin relax-
ation, we can show that µs(y) obeys a differential equa-
tion
d2µs
dy2
=
µs
λ2
, (3)
where λ is a spin diffusion length. The spin chemical
potential µs(y) is obtained as a function of y by solving
this equation under the boundary conditions
jBs (y)− jSHs0 =
{
jIs, (y = 0),
0, (y = dN ),
(4)
where dN is a thickness of the NM layer, and j
I
s is a spin
absorption rate at a NM/FI interface that depends on
the direction of the magnetization of the FI.
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FIG. 1. (Color online) Schematics of a NM/FI bilayer system
for the SMR measurement. When an external charge current
is applied to a NM in the x-direction, a spin current Is with
a z component flows in the y-direction due to the spin Hall
effect. The spin current induces spin accumulation σ at the
NM/FI interface with a magnetization M . (a) A parallel
configuration of σ ‖ M . (b) A perpendicular configuration
of σ ⊥ M . (c) A chemical potential difference δµs = µ↑ −
µ↓ defined for a quasi-equilibrium steady state is shown as
a function of the position y/λ, where λ is a spin diffusion
length, and the thickness of the NM is set as dN = 6λ. The
NM/FI interface is located at y = 0.
In this paper, we employ another definition of a spin
current at the interface. We define Is as a decay rate of
the spin angular momenta at the NM/FI interface. This
can be related with jIs as follows:
jIs =
e
~/2
Is
S
, (5)
where S is a cross section area of the NM/FI interface.
We define a dimensionless spin conductance as
Gs = lim
µs(0)→0
Is
µs(0)
, (6)
where µs(0) is a chemical potential difference at the
NM/FI interface. By solving a self-consistent equation
for µs(0) in combination of the differential equation (4),
we obtain
µs(0) =
µs0
1 + gs coth(dN/λ)
(7)
where µs0 is a chemical potential difference in the absence
of the NM/FI interface, and gs is a dimensionless factor
3defined as
gs =
4e2
~
Gs
σS/λ
, (8)
that indicates amplitude of the absorption rate at the
interface.
In Ref. 10, the magnetization-orientation dependence
of Gs was discussed in terms of the spin mixing conduc-
tance. In this discussion, the spin absorption rate at the
interface, gs, is largest (smallest) when the magnetization
M is perpendicular (parallel) to the accumulated spin σ
(see Fig. 1(a) and (b)). Then, the spatial profile of µs(y)
changes depending on the direction ofM (see Fig. 1(c)).
Here, we stress that in this paper, no assumption is made
on the magnetization-orientation dependence of Gs. As
shown later, the magnetization-orientation dependence
of the spin absorption rate which is implicitly assumed
in the discussion based on the mixing conductance is not
sufficient to discuss the temperature dependence of the
SMR signal.
The backflow current jBs induces a charge current in
the x direction due to the inverse spin Hall effect. A
longitudinal magnetoresistance is then calculated as10
∆ρ
ρ
= θ2SH
gs tanh
2(dN/2λ)
1 + gs coth(dN/λ)
. (9)
Thus, the SMR is related to the spin conductance Gs via
the factor gs. In the subsequent sections, we calculate
Gs as a function of the angle between M and σ.
The theoretical description of the SMR for a NM/AFI
bilayer is almost the same as the NM/FI bilayer. The
SMR can be discussed by calculating Gs as a function of
an angle between the Ne´el vector and σ.
III. MODEL
In this section, we introduce a model for the NM/FI
and NM/AFI bilayers. After we give the Hamiltonian
for bulk systems of NM (Sec. III A), FI (Sec. III B), and
AFI (Sec. III C), we describe the model of the interfacial
exchange coupling in Sec. III D.
A. Normal Metal
The Hamiltonian for a bulk NM is given as
HNM =
∑
kσ
ξkc
†
kσckσ, (10)
where ξk = ǫk−µ is an energy dispersion measured from
a chemical potential, and σ =↑, ↓ is a z component of
an electron spin. We assume that the spin accumulation
at an interface induced by SHE is described by quasi-
thermal equilibrium states with spin-dependent chemi-
cal potential shifts, ±µs/2, where µs is recognized as its
(a) (b)
FIG. 2. A relation between the magnetization-fixed coordi-
nate (x, y, z) and the laboratory coordinate (x′, y′, z′) for the
case of (a) the FI and (b) the AFI.
value at the interface, µs(0), given in the previous sec-
tion. The density matrix for this quasi-thermal equilib-
rium state is given as ρ = e−βHNM/Z, where
HNM =
∑
kσ
(ξk − σµs/2)c†kσckσ, (11)
where β is an inverse temperature, and Z = Tr(e−βH) is
the ground partition function.
B. Ferromagnetic Insulator (FI)
For the Hamiltonian of a bulk FI, we consider the
Heisenberg model given as
HFI = J
∑
〈i,j〉
Si · Sj − ~γhdc
∑
i
Sz
′
i , (12)
where Sj is a localized spin, J (< 0) is a ferromag-
netic exchange coupling, 〈i, j〉 indicates a pair of nearest-
neighbor sites, γ is the gyromagnetic ratio, and hdc is a
static magnetic field. Here, we have introduced a new co-
ordinate (x′, y′, z′), and assume that the net magnetiza-
tion is aligned in the +z′ direction in this new coordinate
by a magnetic field (see Fig. 2(a)):
〈Sj〉0 = (〈Sx′j 〉0, 〈Sy
′
j 〉0, 〈Sz
′
j 〉0) = (0, 0, S˜0), (13)
where 〈· · · 〉0 indicates a thermal average in the bulk FI,
and S˜0 is an amplitude of the magnetization per site,
which depends on the temperature.
C. Antiferromagnetic Insulator
For the Hamiltonian of a bulk AFI, we consider the
Heisenberg model on a lattice composed of two sublat-
tices, A and B:
HAFI = J
∑
〈i,j〉
SA,i · SB,j, (14)
4where Sν,j denotes a localized spin on the sublattice ν
(= A,B), the antiferromagnetic exchange is denoted with
J (> 0), and 〈i, j〉 indicates the nearest-neighbor pairs
between two sublattices. We assume that the magneti-
zation on the sublattice A(B) is aligned in the +z′(−z′)
direction (see Fig. 2(b)):
〈SA,j〉 = (〈Sx′A,j〉, 〈Sy
′
A,j〉, 〈Sz
′
A,j〉) = (0, 0, S˜0), (15)
〈SB,j〉 = (〈Sx′B,j〉, 〈Sy
′
B,j〉, 〈Sz
′
B,j〉) = (0, 0,−S˜0), (16)
where S˜0 is an amplitude of the staggered magnetization
per site, which depends on the temperature.
D. Exchange coupling at an interface
The interfacial exchange coupling between the FI (or
AFI) and NM is described by the Hamiltonian
Hex =
∑
ν
∑
〈i,j〉
[
T νijS
+
ν,is
−
j + (T
ν
ij)
∗S−ν,is
+
j
]
, (17)
where S±ν,i = S
x
ν,i ± Syν,i are creation and annihilation
operators of the spin in the laboratory coordinate, T νij is
an exchange coupling between a pair of interfacial sites,
〈i, j〉, and ν is the sublattice of the localized spins. The
sublattice is unique (ν = A) for the case of FI, whereas
there are two sublattices (ν = A,B) for the case of AFI.
To proceed in calculation, we need to rewrite
the Hamiltonian (17) in the spin operators in the
magnetization-fixed coordinate (x′, y′, z′). The con-
version formula of the spin operators from the
magnetization-fixed coordinate (x′, y′, z′) to the labora-
tory coordinate (x, y, z) is given as
Sxν,j = cos θ S
x′
ν,j − sin θ Sz
′
ν,j , (18)
Syν,j = S
y′
ν,j , (19)
Szν,j = sin θ S
x′
ν,j + cos θ S
z′
ν,j , (20)
where θ is an angle of the magnetization (see Fig. 2). By
this coordinate transformation, we obtain
S+ν,j = cos
2(θ/2)S+′ν,j − sin2(θ/2)S−′ν,j − sin θSz
′
ν,j , (21)
S−ν,j = cos
2(θ/2)S−′ν,j − sin2(θ/2)S+′ν,j − sin θSz
′
ν,j , (22)
where S±′ν,j = S
x′
ν,j ± Sy
′
ν,j . Then, the interface exchange
interaction can be divided into three parts as
Hex =
3∑
a=1
H(a)ex , (23)
H(a)ex = ga(θ)
∑
〈i,j〉
[
T νijS
(a)
ν,i s
−
j + (T
ν
ij)
∗(S
(a)
ν,i )
†s+j
]
, (24)
where S(a) and ga(θ) (a = 1, 2, 3) are defined as
S
(1)
i,ν = S
z′
ν,i, g1(θ) = − sin θ, (25)
S
(2)
i,ν = S
+′
ν,i, g2(θ) = cos
2(θ/2), (26)
S
(3)
i,ν = S
−′
ν,i, g3(θ) = − sin2(θ/2). (27)
IV. SPIN CURRENT
Next, we calculate the spin current using the second
order perturbation with respect to the exchange coupling
at the interface34,38,41–44. We derive a general formula for
the spin current and the spin conductance. Our formula
is expressed in terms of the spin susceptibilities in the
NM and FI (or AFI) layers, and is general in a sense
that the formula does not depend on a specific model.
A. Definition
We define the spin current as the absorption rate of the
z component of the spin angular momenta in the NM side
at the interface:
Iˆs = −~∂tsztot = i[sztot, H ], (28)
sztot =
1
2
∑
k
(c†k↑ck↑ − c†k↓ck↓). (29)
The spin current is calculated in the form
Iˆs =
3∑
a=1
Iˆ
(a)
S , (30)
Iˆ(a)s = −iga(θ)
∑
〈i,j〉
∑
ν
(T νijS
(a)
ν,i s
−
j − h.c.). (31)
Here, we should note that the z component of the total
spin is not conserved at the interface as the magnetization
of the FI (or AFI) is not necessarily aligned in the z
direction.
B. Second-order perturbation
We calculate the spin current within the second-order
perturbation with respect to the interfacial exchange cou-
pling. For simplicity, we assume that the correlation be-
tween the exchange coupling for different pairs vanishes
after impurity averaging:
〈T νij(T ν
′
i′j′)
∗〉imp = |T νij |2δi,i′δj,j′δν,ν′ . (32)
5Then, the spin current is calculated as38,41
〈Iˆ(a)s 〉 = ~2ga(θ)2
∑
ν
Aν
∫ ∞
−∞
dω
2π
(
− 1NNF
)∑
k,q
× Re
[
χ<(q, ω)GR,(a)νν (k, ω) + χ
A(q, ω)G<,(a)νν (k, ω)
]
,
(33)
where Aν = 2
∑
〈i,j〉 |T νij |2/~, N is a number of sites in
NM, and NF is a number of unit cells in FI (or AFI).
Hereafter, we set A = AA for the case of the FI, and as-
sume that the exchange coupling is equivalent for the two
sublattices as A = AA = AB for the case of the AFI. The
advanced and lesser spin susceptibilities of NM, χA(q, ω)
and χ<(q, ω), are defined by the Fourier transformation
of the following functions:
χA(q, t) =
i
N~θ(−t)〈[s
+
q (t), s
−
q (0)]〉0, (34)
χ<(q, t) =
i
N~ 〈s
−
q (0)s
+
q (t)〉0, (35)
where 〈· · · 〉0 indicates an average for the unperturbed
Hamiltonian, s±q is the spin operator of conduction elec-
trons, and s±q (t) = e
iHNMt/~s±q e
−iHNMt/~. For quasi-
thermal equilibrium states, we can prove the dissipation-
fluctuation theorem
χ<(q, ω) = −2if(~ω + µs)ImχA(q, ω), (36)
by utilizing the Lehman representation, where f(E) =
(eβE + 1)−1 is the Fermi distribution function. The re-
tarded and lesser spin correlation functions of the FI (or
the AFI), G
R,(a)
νν′ (k, ω) and G
<,(a)
νν′ (k, ω), are defined by
the Fourier transformation of the following functions:
G
R,(a)
νν′ (k, t) = −
i
~
θ(t)〈[S(a)ν,k(t), (S(a)ν′k(0))†]〉0, (37)
G
<,(a)
νν′ (k, t) = −
i
~
〈(S(a)ν′,k(0))†S(a)ν,k(t)〉0, (38)
where S
(a)
ν,k (a = 1, 2, 3) are the spin operators defined by
spatial Fourier transformation of Eqs. (25)-(27). To con-
tinue calculation, we introduce a fluctuating part of the
spin correlation function as δS
(a)
ν,k(t) = S
(a)
ν,k(t) − 〈S(a)ν,k〉0.
From Eqs. (37) and (38), we obtain
GR,(a)νν (k, ω) = δG
R,(a)
νν (k, ω), (39)
G<,(a)νν (k, ω) = −
2πiNFS˜20
~
δa,1δk,0δ(ω)
+ δG<,(a)νν (k, ω). (40)
where δG
R,(a)
νν (k, ω) and δG
<,(a)
νν (k, ω) are correlation
functions defined by replacing S
(a)
ν,k(t) with δS
(a)
ν,k(t) in
Eqs. (37) and (38). By utilizing the Lehman representa-
tion, we can prove the dissipation-fluctuation theorem
δG
<,(a)
νν′ (k, ω) = 2if(~ω)Im δG
R,(a)
νν′ (k, ω). (41)
Combining Eqs. (36), (39)-(41), the spin current is cal-
culated as
〈Iˆs〉 = Is,1 + Is,2, (42)
Is,1 = ~A sin
2 θ S˜20Nν Imχ
R
loc(0), (43)
Is,2 =
3∑
a=1
2ga(θ)
2
~A
∑
ν
∫
d(~ω)
2π
ImχRloc(ω)
× (−Im δGR,(a)νν,loc(ω))[f(~ω)− f(~ω + µs)], (44)
where Nν is a number of the sublattices (Nν = 1 for FI
and 2 for AFI), and the local spin correlation functions,
χRloc(ω) and G
R,(a)
νν,loc(ω), are defined as
χRloc(ω) =
1
N
∑
q
χR(q, ω), (45)
G
R,(a)
νν,loc(ω) =
1
NF
∑
k
GR,(a)νν (k, ω). (46)
Finally, let us summarize the physical meaning of the
spin current formula given by Eqs. (42)-(44). We stress
that the present formula is written in terms of spin sus-
ceptibilities for bulk materials, and therefore is applica-
ble to general systems such as a NM with strong electron-
electron interaction. The spin current is composed of two
parts. The first part, Is,1, describe a static part, which
is induced by spin flipping due to a static effective trans-
verse magnetic field via the interfacial exchange coupling.
Actually, the static part Is,1 is almost independent of the
temperature well below the magnetic transition temper-
ature, and takes a maximum when the accumulated spin
at the interface in the side of the NM is perpendicular
to the magnetization of the FI (or the Ne´el vector of the
AFI), i.e., θ = π/2. This feature of Is,1 coincides to the
theory based on the spin mixing conductance in Refs. 9
and 10. There exists, however, an additional contribu-
tion Is,2, which is induced by creation or annihilation
of magnons. This part can be regarded as a dynamical
part. In the subsequent sections, we will show that this
dynamical part depends on the temperature, and that
at sufficiently low temperatures Is,2 has a maximum at
θ = 0, i.e., has angle dependence opposite to the static
part.
C. Spin conductance
From Eqs. (42)-(44), the (dimensionless) spin conduc-
tance at the interface defined in Eq. (6) is calculated as
Gs = Gs,1 +Gs,2, (47)
Gs,1 = G0 sin
2 θ, (48)
Gs,2 = 2G0ga(θ)
2 1
Nν
∑
ν
∫
dE
2π
E
×
(
− 1
S˜20
Im δG
R,(a)
loc (E/~)
)[
− df
dE
]
, (49)
6where G0 = ~AS˜
2
0NνπN(0)
2, and N(0) is a density of
states in the NM at the Fermi energy. We note that the
spin chemical potential µs(0) is now recognized as µs in
the model of the NM (see Eq. (11)).
V. SMR IN FI/NM BILAYERS
In this section, we calculate the spin conductance by
employing the spin-wave approximation for the ferromag-
netic Heisenberg model. Hereafter, we assume that the
amplitude of spins for the ground state, S0 = S˜(T = 0),
is sufficiently large, and that the temperature is much
lower than the magnetic transition temperature.
By applying the Holstein-Primakoff transformation to
the spin operators in the magnetization-fixed coordinate,
the Hamiltonian of the FI is approximately written as
HFI =
∑
k
~ωkb
†
kbk, (50)
~ωk ≃ Dk2 + E0, (51)
where bk (b
†
k) is a magnon annihilation (creation) oper-
ator, E0 = ~γhdc is the Zeeman energy, and D = JS0a2.
In the spin-wave approximation, the local spin suscepti-
bility is calculated as Im δG
R,(1)
loc (E/~) = 0, and
Im δG
R,(2)
loc (E/~) = −Im δGR,(3)loc (−E/~)
= −2πS0DF(E), (52)
where DF(E) is the density of states for magnon excita-
tion per unit cell:
DF(E) =
1
NF
∑
k
δ(E − ~ωk). (53)
Although the magnetization S˜0 depends weakly on the
temperature within the spin-wave approximation, we ne-
glect it for simplicity (S˜0 ≃ S0). Then, the spin conduc-
tance takes a form
Gs = Gs,0 +∆Gs sin
2 θ, (54)
where Gs,0 is a part independent of θ, and the second
term describes the angle dependence, i.e., the SMR. The
amplitude of the SMR is calculated as
∆Gs = G0(1− gF(T )), (55)
gF(T ) =
1
S0
∫ ∞
0
dE EDF(E)
[
− df
dE
]
. (56)
We note that the first term G0 in Eq. (55) comes from
the static part Gs,1, while the second term −G0gF(T )
from the dynamic part Gs,2. The factor gF(T ) is small
under the condition S0 ≫ 1, for which the spin-wave
approximation works well. If we neglect gF(T ), we re-
cover usual positive SMR behavior, ∆Gs = G0 sin
2 θ. We
should note that the factor gF(T ) weakens the positive
SMR. When the Zeeman energy is neglected (E0 ≃ 0),
the temperature dependence of the SMR signal is ob-
tained at sufficiently low temperatures as
∆Gs
∆Gs(T = 0)
≃ 1− 5.2
S0
(
kBT
Ec
)3/2
, (57)
where Ec = Dk2c is the cutoff energy, which is of order of
the transition temperature (for details, see Appendix B).
If gF(T ) exceeds 1, the sign of the SMR changes. The
temperature of the sign change, Tr, is roughly estimated
as
kBTr ∼
(
S0
5.2
)2/3
Ec. (58)
We note that for S0 ≫ 1, Tr becomes of order of Ec for
which the spin-wave approximation is not justified. This
estimate indicates that the sign change of SMR occurs if
S0 is not large.
VI. SMR IN AFI/NM BILAYERS
In the spin-wave approximation, the Hamiltonian for
the FI is obtained in the leading order of 1/S0 as
HAFI =
∑
k
~ωk(α
†
kαk + β
†
kβk), (59)
where αk and βk are annihilation operators for magnons,
ωk = vm|k| is the dispersion relation, and vm =
zJS0a/(
√
3~) is the velocity of magnons (see Ap-
pendix A). Here, we have approximated the magnon dis-
persion as a liner dispersion in the long wavelength limit
(|k| → 0). The local spin susceptibility is calculated as
Im δG
R,(1)
νν,loc(E/~) = 0 and∑
ν=A,B
Im δG
R,(2)
νν,loc(E/~) = −
∑
ν=A,B
Im δG
R,(3)
νν,loc(−E/~)
= −2πS0F (E)(DAF(E)−DAF(−E)), (60)
where DAF(E) and F (E) are the density of states for
magnon excitation and the form factor, respectively (see
Appendix A):
DAF(E) =
1
NF
∑
k
δ(E − ~ωk), (61)
F (E) =
√
3~vm
|E|a . (62)
Using these results, the spin conductance is calculated in
the form of Eq. (54). The amplitude of the SMR is then
given as
∆Gs = G0(1 − gAF(T )), (63)
gAF(T ) =
1
S0
∫ ∞
0
dE EF (E)DAF(E)
[
− df
dE
]
. (64)
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FIG. 3. (Color online) Experimental data of SMR (the am-
plitude of the magnetization-dependent part of the magne-
toresistance) measured in the Pt/NiO/YIG bilayer systems
for NiO thickness of 2.0, 2.2, and 2.7 nm from Ref. 19. The
solid curves shows a fitting using quadratic temperature de-
pendence given in Eq. (65). The data is normalized as −1 at
zero temperature using the extrapolated value by the fitting.
For the case of the AFI, the temperature dependence of
the SMR signal is given as
∆Gs
∆Gs(T = 0)
≃ 1− 4.4
S0
(
kBT
Ec
)2
, (65)
where Ec = ~vmkc is the cutoff energy (see Appendix B).
The temperature of the sign change is roughly estimated
as
kBTr ∼
(
S0
4.4
)1/2
Ec. (66)
This estimate indicates that the sign change of SMR may
occur if S0 is not large.
VII. COMPARISON WITH EXPERIMENTS
Let us first consider the SMR for the FI. SMR exper-
iments for FI have been performed mainly for Pt/YIG
bilayer systems9–13. In the present theory, the temper-
ature of the sign change of SMR signal estimated for
Pt/YIG exceeds the magnetic transition temperature us-
ing Eq. (58) and S0 = 10. This indicates that the correc-
tion by the factor of gF(T ) is small, and no sign change
occurs. The detailed temperature dependence of SMR in
Pt/YIG has been measured in Refs. 14 and 15, where the
observed temperature dependence has been interpreted
by temperature dependence of the spin diffusion length.
At present, effect of magnon excitation in the Pt/YIG
bilayer system has not been observed possibly because of
its smallness.
The SMR have been measured also for AFI/NM bi-
layer systems in several experiments. In Fig. 3, we show
the measured temperature dependence of the SMR in the
Pt/NiO/YIG bilayer systems taken from Ref. 19. In this
experiment, an estimate of the factor gs coth(dN/λ) is
much smaller than 1 using λ = 1.5 nm, d = 4 nm, ,
σ−1 = 860 Ω ·nm, and Gs/(~/2e2) ∼ 3× 1012 Ω−1 ·m−2.
Therefore, the SMR is proportional to the spin conduc-
tance (see Eq. (9)). As seen from Fig. 3, the sign of the
SMR changes at 80, 140 and 180 K for NiO thickness of
2.0, 2.2, and 2.7 nm. We also show the fitted curve us-
ing quadratic temperature dependence given in Eq. (65)
in the figure. This fitting indicates that the quadratic
temperature dependence well explains the experimental
data at low temperatures. If we employ S0 = 0.94 and
Ec = 1500 K from the magnon dispersion measured by
the neutron experiment45, the temperature of this sign
change is estimated for bulk NiO as Tr = 690 K (see
also Appendix B). This estimated temperature for the
sign change is much larger than the experimental obser-
vation shown in Fig. 3. We, however, should note that
the Ne´el temperature of NiO (TN = 525 K) is suppressed
for thin layer46, indicating reduction of the magnon ve-
locity. We also note that the spin-wave approximation
holds well only at low temperatures compared with the
Ne´el temperature.
In this paper, we have discussed the SMR at low tem-
peratures using the spin-wave approximation. Because
the spin current formula derived in this paper is general,
the SMR can be evaluated for arbitrary temperatures
by employing a numerical method such as the Monte
Carlo method. Detailed numerical analysis beyond the
spin-wave approximation as well as consideration of the
roughness of the interface is left as a future problem.
VIII. ONSAGER RELATION
In this section, we formulate a noise in thermal equilib-
rium (δµs = 0), and derive the Onsager relation, which
relates the thermal noise with the spin conductance.
We define the noise power of the spin current as
S =
∫ ∞
−∞
dt(〈IˆS(t)IˆS(0)〉+ 〈IˆS(0)IˆS(t)〉). (67)
In second-order perturbation with respect to the ex-
change coupling at an interface, we can replace the av-
erage with that for an unperturbed system as 〈· · · 〉 ≃
〈· · · 〉0. By a similar procedure as the spin current, the
8noise power is calculated as
S = S1 + S2, (68)
S1 = 2~2AS˜20Nν sin2 θ
× lim
ω→0
(−i)[χ<loc(ω) + χ>loc(ω)], (69)
S2 =
3∑
a=1
2~2Aga(θ)
2
∑
ν
∫ ∞
−∞
d(~ω)
2π
×
[
χ<loc(ω)δG
>,(a)
νν,loc(ω) + χ
>(ω)δG
<,(a)
νν,loc(ω)
]
. (70)
Here, χ>loc(ω) and G
>,(a)
νν′,loc(ω) are the greater components
of the local spin susceptibilities defined as
χ>loc(ω) =
i
N 2~
∑
q
∫
dt eiωt〈s+q (t)s−q (0)〉, (71)
δG
>,(a)
νν′,loc(ω) = −
i
NF~
∑
k
∫
dt eiωt
× 〈δS(a)ν,k(t)(δS(a)ν′,k(0))†〉0, (72)
Using the dissipation-fluctuation relations
χ>loc(ω) = 2i(1 + f(~ω + δµs))Imχ
R
loc(ω), (73)
δG
>,(a)
νν′,loc(ω) = 2i(1 + f(~ω))Im δG
R,(a)
νν′,loc(ω), (74)
the thermal spin-current noise is calculated as
S1 = 2~kBTG0 sin2 θ, (75)
S2 =
3∑
a=1
8~2Aga(θ)
2
∑
ν
∫ ∞
−∞
dω
2π
ImχR(q, ω)
× ImGR,(a)νν,loc(k, ω) f(~ω)(1 + f(~ω)). (76)
Using the identity
f(~ω)(1 + f(~ω)) = kBT
(
− df
dE
)
, (77)
and comparing these results with Eqs. (47)-(49), we can
prove the Onsager relation
S = 4~kBTGs. (78)
We stress that the present proof is general, and this re-
lation holds at arbitrary temperatures for a wide class of
the Hamiltonian for NM and FI(or AFI).
IX. SUMMARY
We constructed a microscopic theory for spin magne-
toresistance observed in bilayer systems composed of a
normal metal and a ferromagnetic (or antiferromagnetic)
insulator. We formulated the spin current at an inter-
face in terms of spin susceptibilities, and clarified that
it is composed of static and dynamic parts. The static
part of the spin current originates from spin flip due to
an effective magnetic field induced by an interfacial ex-
change coupling. This part is almost independent of the
temperature, and takes a maximum when the magnetiza-
tion (or the Ne´el vector) is perpendicular to accumulated
spins in a normal metal in consistent with intuitive dis-
cussion in previous experimental works. On the other
hand, the dynamic part, which is induced by creation or
annihilation of magnons, depends on the temperature,
and has opposite magnetization dependence, i.e., takes
a maximum when the magnetization (or the Ne´el vec-
tor) is parallel to accumulated spins in a normal metal.
The dynamic part becomes larger when the amplitude of
the localized spin, S0, is smaller. This indicates that the
sign of the SMR changes at a specific temperature if S0 is
sufficiently small. We discussed that the measured tem-
perature dependence of the SMR in the Pt/NiO/YIG tri-
layer system19 is consistent with our results. Finally, we
have proved the Onsager relation between a spin conduc-
tance and a thermal spin-current noise by a microscopic
calculation.
Our general formalism, which is applicable to various
systems for arbitrary temperatures, will be an important
ingredient for describing spin magnetoresistance. Theo-
retical analysis beyond the spin-wave approximation as
well as that for effect of interfacial randomness is left for
a future problem.
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Appendix A: Spin-Wave Approximation for the AFI
In this appendix, we briefly summarize the spin-wave
approximation for the AFI. Throughout this appendix,
the amplitude of spins for the ground state, S0 = S˜(T =
0), is much larger than 1, and the temperature is much
lower than the magnetic transition temperature.
By standard procedure based on the Holstein-
Primakoff transformation, the Hamiltonian of the AFI
is approximately written as
HAFI ≃ JzS0
∑
k
(
a†k bk
)(
1 ζk
ζ∗k 1
)(
ak
b†k
)
, (A1)
where ak and bk are annihilation operators of spins on
A and B sublattices, respectively, and z is the number of
the nearest neighbor sites. For the cubic lattice (z = 6),
9ηk is calculated as
ζk =
1
3
(cos kxa+ cos kya+ cos kza), (A2)
To diagonalize the Hamiltonian, we introduce the Bogoli-
ubov transformation:
ak = ukαk − vkβ†k, (A3)
b†k = vkαk − ukβ†k. (A4)
The exchange relation of the bosonic operators leads to
the constraint u2k − v2k = 1. By straightforward calcula-
tion, we obtain the diagonalized Hamiltonian (59) in the
main text using the solutions
u2k = v
2
k + 1 =
1
2
(
1√
1− ζ2k
+ 1
)
, (A5)
In the long-wavelength limit (k → 0), the dispersion re-
lation becomes ωk = vm|k|, where vm = JzS0a/(
√
3~) is
a velocity of magnons. Using this diagonalized Hamilto-
nian, the local spin susceptivilities are written as Eq. (60)
with the density of state of magnons given by Eq. (62).
We note that the spin susceptivilities includes the factor
v2k + u
2
k, which is rewritten in the limit of k → 0 by the
form factor
F (E) =
1√
1− ζ(E)2 =
JzS0
E
, (A6)
where ζ(E) = ζk|~ωk=E .
Appendix B: Cutoff Energy
For estimate of the temperature at which the sign
of the SMR changes, we approximate the magnon dis-
persion as that for the continuum limit (k → 0).
We introduce the cutoff wavenumber, kc, as NF =
V (2π)−3
∫ kc
0
dk 4πk2, leading to kca = (6π
2)1/3 ≡ α,
where a is a lattice constant. The density of states of
magnons is calculated for the FI using its cumulative
function defined as DcF(E) = ((E − E0)/Ec)3/2, where
Ec = Dk2c . When we neglect the Zeeman energy E0, we
obtain
DF(E) =
dDcF(E)
dE
=
3
2Ec
(
E
Ec
)1/2
. (B1)
For the AFI, the cumulative function is given as
DcAF(E) = (E/Ec)
3, where Ec = ~vmkc. We obtain the
density of state of magnons as
DAF(E) =
dDcAF
dE
=
3
Ec
(
E
Ec
)2
. (B2)
In estimate of the SMR for the Pt/NiO/YIG bilayer
system, we have used the parameters obtained from the
neutron scattering experiment45. The antiferromagnetic
structure of NiO is described by four sublattices, each of
which is a simple cubic lattice with strongest antiferro-
magnetic coupling, J ≃ 230 K, for nearest neighboring
sites, leading to Ec = 1500 K.
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